Introduction {#Sec1}
============

Linear mode conversion is a phenomenon that has been studied for several decades and finds application in plasma physics, geophysics, and biophysics \[[@CR1]--[@CR3]\]. The slowly varying WKB approximation becomes singular at such a mode conversion point. Here we examine a simple mechanical system that illustrates that effect. Typically, one propagating wave can excite another at a location where the wavelengths of the different modes become similar and energy can be exchanged, although here an internal resonator excites the second mode. Of particular interest is to understand how a reflection can occur when there are no discontinuities in physical properties. Originally, Rayleigh \[[@CR4]\] found reflections on a single string having smoothly varying mass over a finite transition region. Here we find reflections on two coupled strings with no discontinuities in physical properties. Our motivation is to find a simple model for stimulated emissions from the ear, a subclass of emissions found in the ear that occur at the frequency of the incoming stimulus.

Coupled strings model {#Sec2}
=====================

We consider the following coupled system:$$\documentclass[12pt]{minimal}
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                \begin{document}$$-$$\end{document}$) mode cannot propagate. The general solution of system ([4](#Equ4){ref-type=""}) can be expressed as a linear combination of the two solutions of each of the equations, totaling four in number. The first has the two solutions $\documentclass[12pt]{minimal}
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WKB solution away from turning point {#Sec3}
====================================

Approximate right- and left-running WKB \[[@CR5]\] solutions for the second equation in ([4](#Equ4){ref-type=""}) are given by ([5](#Equ5){ref-type=""}):$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma =1$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega =\sqrt{2K/\rho }$$\end{document}$, i.e., the mass/length of the strings and the coupling spring form a locally resonant system. The factor of 2 arises because of a node at the center of the spring for the ($\documentclass[12pt]{minimal}
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                \begin{document}$$-$$\end{document}$) mode, resulting in two springs in series, each having half the length and thus twice the stiffness. The singularity at $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi \rightarrow 0$$\end{document}$. The idea is to push the two expansions into their respective domains of invalidity to see if there is a region where both expansions agree. Here we show the inner and outer expansions indeed match to lowest order with this simplest form of matching. Langer \[[@CR5]\] provided more accurate uniformly valid expansions for problems of this type. We proceed to calculate the reflection and transmission coefficients for the wave system.

Transition layer (Airy function solutions) {#Sec4}
==========================================

The transition layer equation is obtained by considering a Taylor series for the function $\documentclass[12pt]{minimal}
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Equations ([8](#Equ8){ref-type=""}) and ([9](#Equ9){ref-type=""}) suggest that to the left of the turning point we write the WKB solution in the form$$\documentclass[12pt]{minimal}
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The oscillatory behavior of the reflection coefficients with respect to $\documentclass[12pt]{minimal}
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                \begin{document}$$\zeta $$\end{document}$ shows that even this simple system exhibits a stimulated emission spectrum that is characteristic of the ear. In the present system, the frequency spacing of the spectrum originates from the oscillatory nature of the Airy functions, given by Eqs. ([10](#Equ10){ref-type=""}) and ([11](#Equ11){ref-type=""}). Physically, it is due to the coupling stiffness gradient, and a local resonance between the coupling spring and the mass of the strings. In the mammalian ear there are numerous contributions to a decreasing coupling stiffness gradient in the organ of Corti. The increasing length of outer hair cells and their stereocilia from base to apex are an example. In contrast, the coherent reflection theory that Zweig and Shera \[[@CR6]\] developed for the ear argues that the incoming wave is scattered by local irregularities of any kind and then coherently filtered by the incoming wave.
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